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ISCELECTRIC FOCUSING OF A DIMERIZING SOLUTE IN RAPID CHEMICAL EQUILIBRIUM:
COMPARISON OF SIMULATION PROCEDURES*
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The approach to isoelectric focusing equilibrium of a rapidly dimerizing solute was simulated by two different comput-
ing procedures: a stationary-grid model developed by Cann and Stimpson and a distorted-grid technique derived from the
method of CTox. The results given by the two models were virtually identical at all times during the approach to equilibri-
um. Of the two procedures, the distorted-grid method has an advantage in computing time, while the stationary-grid model
is applicable to a broader range of transport experiments. The effect on the focusing experiment of varying the electric
field was examined by distorted-grid simulations. When the field was increased, the equilibrium distribution sharpened
somewhat and the peak of the concentration profile shifted toward the isoelectric position of the dimer. The rate of ap-

proach to equilibrium was approximately proportional to the field strength.

1. Introduction

Chemically interacting solutes behave in distinctive
ways during transport experiments. The shape of the
moving boundary produced by a particular interac-
ing system during sedimentation, chromatography,
or electrophoresis depends on the properties of the
system — stoichiometry, component molecular
weights, reaction rates, and equilibrium constants
[1--4] . Computer models can predict the behavior
of interacting solutes in transport experiments and
can thus help identify chemically reacting systems
that may be encountered experimentally .

During the past fifteen years, several simulation

-prucedures have been developed that are capable of

* Supported in part by Research Grants HL 13909-25 from
the National Heart and Lung Institute (J.R.C.) and
GM22243-02 from the National Institute of General
Medical Sciences (D.J.C.), National Institutes of Health,
United States Public Health Service, and by the Kansas
Agricultugal Experiment Station. This publication is
No. 674 from the Department of Biophysics and Genetics,
University of Colorado Medical Center and No. 196-j from

the Department of Biochemistry, Kansas Agricultural Ex-
periment Station.

dealing with the transport of interacting systems of
various kinds [5—8] . Each technique was devised in
response to a spec’fic problem, but, as the different
procedures evolved independently, they have come to
be interchangeabie for many problems. [t is often
possible to choose among different computing proce-
dures to simulate a particular transport experiment,
and it is desirable to choose as intelligently as possible
on the basis of precision and computing efficiency.

Since the alternative simulation procedures have
been developed in different laboratories, they have
been caded for different operating systems and have
been applied, for the most part, to different prob-
lems. For that reason, the results and computing
times given in the literature cannot be compared
simply. The most obvious way to compare any two
models is to use both of them to simulate the same
process on the same computer. No such direct com-
parison has been reported.

An opportunity recently arose to make a direct
comparison. Cann and Stimpson [9,10] have adapted
the simulation technique of Cann and Goad {6,11]
to describe the approach to isgelectric focusing equili-
brium of chemically interacting solutes. Their imme-
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diate interest was in predicting certain experimental
anomalies produced by interactions of isomerizing
macromolecular solutes with the pH gradient or with
specific components of the ampholyte system, but
they also simulated the approach to focusing equili-
brium of a dimerizirg solute in rapid chemical equili-
brium. In pursuing the latter problem, it was of inter-
est to consider the effect of changing the electric field
on the transport process and on the equilibrium dis-
tribution. For this purpose, it seemed that an alterna-
tive simulation procedure adapted from the model of
Cox [8,12] might require less computing time. Such
a program was developed and has been processed in
the operating system used by Cann and Stimpson. A
direct comparison between the two general kinds of
simulation techniques is thus possible for the first
time, and the result is reported here. The new maodel
required less computing time; it was immediately
used to examine the effect of field strength on a
reprasentative focusing experiment. These results are
also described here.

2. Metnods

The solutes of interest are in monomer-dimer
equilibrium: 2A € A,. The equilibrium is said to relax
very rapidly after the total concentration changes, so
that the monomer and dimer concentrations are re-
lated by an equilibrium constant at all times every-
where in the system [1]:

Ky = Cz/C:IZ (1)

Cp=Cy +C,=C| +K,CF, ®

where C; and C, are the weight concentrations of
monecmer and dimer and Cy is the total concentra-
tion.

It is assumed that the pK of one or more ionizable
groups on the macromolecule is altered due to dimeri-
zation, thereby leading to a change in isoelectric
point. Accordingly, hydrogen ions are involved in the
dimerization reaction, and K, must be a function of
hydrogen ion concentration. We assume the K5 is an
insensitive function of pH and can be considered con-
stant in the region of the isoelectric point, given the
shallow pH gradient alone the isoelectric focusing
column.

The simulation procedure developed for isoelectric
focusing by Cann and Stimpson has been reported
elsewhere [9] and need not be described here in
detail. The calculation begins by dividing the system
into short segments by placing boundaries at regular
intervals along the isoelectric focusing column. The
initial solute distribution is defined by assigning a
value to the mean concentration in each segment. Ap-
propriate finite difference expressions are used to
compute the flow of monomer and of dimer due to
electrophoresis and diffusion across each boundary
in the array during a short time interval. The new
total concentration of solute is calculated in each
segment, and the corresponding monomer and dimer
concentrations are computed from the equilibrium
expression. The calculation then proceeds by alternat-
ing rounds of simulated fiow and reequilibration un-
til, for all practical purposes, the focusing equilibrium
distribution is reached. The method was derived from
techniques originally developed to simulate electro-
phoresis and sedimentation. The principal differing
feature of the model for isoclectric focusing is that
the array of boundaries between segments is held
stationary instead of being moved as a unit at a veloc-
ity related to the migration rate of the macromole-
cular solute [6,11]. The change is required by the
fact that, in isoelectric focusing, the solute moves
from both ends of the array toward the middle rather
than moving in one direction from the top of the
array toward the bottom. Because of the stationary
array of boundaries, formulation of the numerical
calculation must of necessity trade off computer time
for accuracy. In what follows, the method of Cann
and Stimpson will be called the stationary-grid tech-
nique.

An alternative madel was developed for the pre-
sent work from the technigue used by Cox to simu-
late sedimentation in the ultracentifuge [8,12]. This
model for isoelectric focusing will be more complete-
ly described since it has not been reported previously.
For reasons that will become evident, the procedure
will be referred to as the distorted-grid modei. The
calculation begins, as does the stationary-grid model,
by dividing the system into segments by placing
boundaries at equal intervals along the isoelectric
focusing column. If boundaries 1 and » are the ends
of the array, there are n — 1 segments; segment 7 lies be-
tween boundaries 7 and { + 1, and boundary f separates
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segments i — 1 and i. In what follows, C; is the mean
concentration in segment i, and C; is the concentration
at boundury i, X; is the midpoint of segment {, and x; is
the position of boundary i. The initial concentration in
each segment is specified. The most convenient initial
distribution centers a broad region of uniform concen-
tration in the segment array and places regions of zero
concentration at each end. The simulation consists of
alternate rounds of diffusion vithout electrophoresis
and electrophoresis withour diffusion. The dimerizing
solute is treated as a single component with a concen-~
tration-dependent diffusion coefficient and glectropho-
retic mobifity.

Difussion is described by a finite dif{erence analog
of Fick’s second law that has been used for the uitra-
centrifug? (8], with the stra’ghitforward modifications
required by the fact that the isoelectric facusing
column is cylindrical or recitilinear ratt.er than sector-
shaped. For a rapidly equilibrating moncwer-dimer
system, diffusion across the boundary between iwo
adjacent segments is govemed by an average diffusion
caefficient:

D&y £ 2D,C,y

where subscripts 1 and 2 refer to monomer and dimer
{8,13]. The ocal concentrations of monomer and
dimer at the boundary are related to the total solute
concentration by eq. (2), and so D is an unambignons
function of C5. An array of concentration grudients
g* between segmenis is calculated and assigned to the
points x* equidistant from the midpoint of adjacent
segments:

JEan =G _ Tt ¥ +§i(4
Coxex g T 2 > 2 ?

These points do not necessarily coincide with the seg-
ment boundaries, since the array of boundaries is dis-
torted by the electrophofesis routine as explained be-
low. The gradients at {he boundaries g; are found by
interpolation in the g* asray. The change in the soluie
concentration in segment § due to diffusion during a
time interval Ay IS
= ANDiy 830y — Digy)

aG= Xiel — % ®

where [; is the average diffusion coefficient [eq. (3)]
appropriate for the total concentration at boundary i.

The concentration arriy is corrected and the process
is repeated np, times, simulating diffusion for a time
equal to npArg.

The simulation program then proceeds to a round
of electraphoresis without diffusion. The distinctive
feature of this model is that the solute is not driven
acrass the boundaries between adjacent segments. In-
stead, the baundaries are moved for a short time at
the local weight average velacity of the macromolecu-
lar solute {81, The boundaries do not pass and are not
pasead by any of the solute; whatever sofute was ini-
tially in the segment between two adjacent boundaries
is still in the segment at the end of the time interval.
Since the boundarsies usually wmove at different rates,
the fengths of the segments change. The volumes change
winlle the mass of solute remains constant, and so the
concentrations in the segments change.

The simulations we have done are for a simple case
in which the electrophoretic mobility is a linear func-
tion of pH aund the pH gradient is also linear. In this
case, it is particularly straightforward to compute the
weight average velceity of the solute at each point in
the electrophoresis column and so to find the distance
each boundary should be moved during a short time
intervai Af,. At position x in the coiumn, the {ocal
velocities of the monomer, vy, and the dimer, v, , ate:

2= kyly ~x), 6)

where x,; and x, arte the isoelectric positions of the
monomes and dimer; &y and &, are the absofute  *
velocity gradients and are directly proportional to the
apglied electric field strength. The lacal weight average
velocity and so the rate at which the boundaries should
be moved is:

241 =k (’tl “x),

— _dX

v= =% oy =fio H (0 —f)vy, Y
where ) = Cy[Cy and fy = C5/Cy are the locat weight
{ractions of monomer and dimer. Sut - tuting eq.(6)
into eq, (7) and rearranging:

dx/dt=a - bx,
&)
a=fikyxy + (1 —f)kyx,, b=fik v —fk, .
Integrating eq. (8) from time ¢ to ¢ + Az, gives:
a~bx'y_
tn (fz;—y ~bAz, , )

4
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where x is the position of the boundary at time ¢ and
x' is the new position after the time interval As,. Eq.
(9) can be simplified to give:

xX’=A+(x - A)B
T Akt =)k,

B=expl-(fik; +(1 — f))At.] .

Notice that 4 and B are independent of position in
the column. They depend only on the local weight
fraction of monomer and are thus specified unam-
biguously by the total local concentration of the
dimerizing solute.

A round of simulated electrophoresis begins by
finding the total concentration ar each boundary by
interpolation between the segments on either side.
The corresponding values of 4 and B are obtained and
a new set of boundary positions is computed using
eq. (10). The new concentration after the time inter-
val Az, is:

(10)

GG
Xl —X;

The electrophoresis routine is applied to the new
solute distribution and the procedure is repeated.
One round of simulated electrophoresis consists of one
or more successive applications (12.) of the electro-
phoresis routine. The number of operations in each
round of diffusion, np,, and of electrophoresis, n,,,
need not be the same. However, np, 7., and the time
intervals Arp, and Ar, must be selected so that np Atp
=n,Al,; that is, equal times aye spent in diffusion with-
out electrophoresis and electrophoresis without diffu-
sion. The program then returns to the diffusion routine
and continues with alternate applications of diffusion
and electrophoresis until focusing equilibrium is reached.

Calculating the gdiffusion coefficient D or the electro-
phoiasis parameters 4 and B appropriate for a particular
total solute coucentration is a moderately time-consum-
ing operation using eqs. (2) and (3) or egs. (2) and (10).
The apropriate transport coefficients must be found
at each boundary before each step in the calculation,
and so a very long simslation of the kind described
here may repeat e operation several hundred thousand
times. The computing time required can be greatly
reduced by a table search routine similar to the one

(a1
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used in simulating sedimentation in the ultracentri-
fuge [8] . Before the simulation begins, D, A, and B
are calculated and stored for each of several hundred
values of the total solute concentration, Cy. Then,
before each step in the simulation, the value of D or
of A and B appropriate for the concentration at each
boundary is found by interpolation in the table. The
table search car: be made much more efficient than
direci computation of the transport parameters, and
the saving in computing time is very large.

Since the boundaries move inward toward the iso-
electric positions near the middle of the array, the
segments between them become progressively narrower
If this process continued without limit, the segments
would become very narrow, and unacceptable com-
puting artifacts would result. For this reason, the array
is inspected after each application of the electrophore-
sis routine; when any segment is found to have less
than half the original segment length, it is merged with
the shorter of the two segments on either side. The
continuous elimination of excessively narrow segments
produces another difficulty. There are progressively
fewer segments, and, as the entire system is compressed
the concentration profile is no longer adequately
isolated from the ends of the array. To eliminate this
problem, empty segments are added to the top and
bottom of the array as needed to provide at least n7p,
empty segments at each end before each application
of the diffusion routine.

It should be noticed that the inward migration of
boundaries and the elimination of compressed segments
continues indefinitely and does not stop when focusing
equilibrium is reached. The solute distribution be-
comes constant when the rate at which solute is carried
inward by the moving boundaries is balanced svery-
where by diffusion outward across the boundar:es.

3. Results

The dimerizing solute used in all of the simulated
experiments was given a weight-scale association con-
stant [eq. (1)] of 1.0 mi/mg; with this association
constant, the concentrations of monomer and dimer
are equal at a total concentration of 2.0 mg/ml. The
beginning concentration array was made 2.0 cm long.
The initial concentration was made 1.0 mg/ml between
x =0.54 cm and x = 1.44 cm and was set to zero
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between x = 0 and x = 0.54 cm and between x =

1.44 cm and x = 2.00 cm. The iscelectric positions

of the dimer and the monomer were placed at 0.75 cm
and 1.25 cm respectively. The diffusion coefficient of
the monomer was 5.1 X 10~7 cm?/s; that of the
dimer was 3.6 X 10~7 cm?/s.

Comparison of simulation procedures: In the case
used to compare the two simulation praocedures, the
absolute veiacity gradients, ky and k; in eq. (6), were
both set equal to 1.0 X 10~% s—1. The calculations weie
allowed to proceed for a simulated time of 200000 s.
The progress of the simulations toward facusing equili-
brinm was monitored by computing the centroid and
the variance of the solute distribution at frequent in-
tervals. The mass of solute per unit cross-section in
segment { is:

m; = Cy(czey —X;) - (12)
The centroid X of the distribution is:

n n
=2 m% /;{ m (13)

and the variance is:

n n
Ozzz mi(fi_x_)zlz; m; = Z;mif,-z/Em,-—fz -
=1 =L (14)

The system was taken to be at focusing equilibrium
whetzx there was no further appreciable change in X
oK G-,

The resul's obtained by the stationary-grid and the
distarted-grid pracedures were compared by inspecting
the concentration profiles and by comparing the cal-
culated . entroids and variances. By every measure the
two procedures gave virtually identical results at all
times during the approach to focusing equilibrium.
The variance reacheq its final value considerably saoner
then did the centroid; that is, the solute band con-
tinued to shift slowly after becoming as sharp as it
would be at equilibrium, as predicted analytically for
isomerization reactions by egs. (5) and (6) of ref. [9] .
Neither the vartance nor th centroid changed signifi-
cantly after 90000 s. Fig. 1A shows the calculated
solute disteibution after 20009 s. The points from
the distorted-grid madel fall precisely on the solid line
given by the stationary grid simulation. The relative
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Fig. 1. Simulated isoelec.ric focusing of a dimerizing solute.
Equilibrium constant: K = 1.0 ml/mg; diffusion coefficients:
D, =5.1 X107 cm?/sand D, = 3.6 X 10°7 cm?/s; isoelectric
positions: x; = 1.25 cm and x, = 0.75 em. A. Comparison

of procedures: solid curve, stationary-grid model; points,
distorted-grid model; absolute velocity gradients: k£, =&k, =
1.0 X 107% 571, time = 200 000 s. B. Effect of field: Curve a.
ky=ky =20x107%51, time 45000 5; Curve b. k, =k, =
1.0 x 1074 571, time = 200000 5;Curve c. ky =k, = 0.5

X 1674571, time = 200000 s.

breadth and skewing of the distribution are the fea-
tures that distinguish a rapidly equilibrating mono-
mer-dimer svstem from a single, non-interacting com-
ponent. No subsidiary peaks or shoulders are expect-
ed in such a case.

Although the two simulation techniques nroduced
virually identical solute distributions, their perfor-
mance differed in two significant ways. First, the
distorted-grid technique was much faster. In the
Control Data 6400 system used for both computa-
tions, the distorted-grid calculation ran in about five
minutes while the stationary-grid medel required
approximately an hour.

The other difference between the two calculations
arose from the different structures of the two models
[8,11]. The stationary-grid model computes the com-
bined flow due to diffusion and electrophoresis at
each step. As the equilibrium distribution is ayp-
proached, the flow across each boundary decreases
smoothly to zero. The mass of solute in each segment
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and thus the centroid and variance of the distribution’

remain absolutely constant in time to seven decimal
places once focusing equilibrium has been reached as
judged by this criterion. The distorted-grid model, on
the other hand, altcrmates diffusion outward and elec-
trophoresis inward, and these two opposing processes
persist indefinitely. The array of boundaries contin-
ues to move inward and compressed segments are
merged from time to time even after equilibrinm is
achieved. The centroid and variance [eqgs. (13) and
(14)] are computed, in effect, by interpolation in the
continuously changing array of boundaries, and so
these quantities fluctuate within a narrow range
around the correct equilibrium values. The maximum
range of fluctuation observed was typically 0.5 4,
and so the effect causes no practical difficulty.

Effect of varying field: The distorted-grid model
was used to simulate the effect of changing the elec-
tric field strength on the distribution of a dimerizing
solute at isoelectric focusing equilibrium and on the
rate of approach to equilibrium. In these calculations,
all of the input variables describing the solute and the
experimental conditions were the same as in the
initial experiment, except for the absolute velocity
gradients &y and &k, [eq. (6)] , which were given the
values £y =k, =2.0 X 10~% 5—1 in one simulation
and k; =k, =05 1074 s~} in another. These
changes from the previous values &y =k, = 1.0
X 10—% 5~1 had the effect of doubling and halving
the electric field while keeping the pH gradient con-
stant.

The equilibrium distributions obtained at three
different electric field strengths are shown in fig. 1B.
An additional experiment done with &; = k;, = 1.5
X 10—% 5! gave a distribution intermediate between
curves a and b in the figure. All of the profiles were
strongly skewed. Increasing the field shifted the peak
of the distribution toward the isoelectric position of
the dimer, because the concentration profile sharp-
ened as the field was increased, which, in turn, re-
sulted by rnass action in an overall increase in the
fraction of dimer through the profile. The sharpen-
ing was not as pronounced, perhaps, as might have
been expected; doubling the field increased the con-
centration at the maximum by about a third in these
particular experiments. All of the profiles — including
the one not shown with &y =k5 = 1.5 X 10~%s~1
shared a common point at x = 0.86 cm. The signifi-

cance of this result is poorly understood, but analo-
gous stationary points have been seen in previous
simulations of the transport of associating solutes
[14]}.

For & X 10% = 2.0, 1.5, 1.0 and 0.5, the times re-
quired to reach fecusing equilibrium were approxi-
mately 36000, 60000, 90000 and 175 000 seconds,
respectively. These are relatively crude estimates,
since the small fluctuations of the calculated centroid
around the equilibrium position made it difficult to
judge precisely when equilibrium had been achieved.
The time to each equilibrium appeared to be roughly
inversely proportional to the electric field strength.
The result differs from the behavior of solutes under-
going ampholyte- or pH-induced isomerization; in
those cases, lowering the field strength increases the
rate of the second, diffusion-controlled kinetic phase
of approach to equilibrium [9,10].

4. Discussion

Comparison of the two calculations provides ad-
ditional confidence in the accuracy of both madels,
not only in dealing with the present problem but
also in describing the many other transport pracesses
that have been simulated previously by one technique
or the other. The two simulation procedures are quite
different.|The stationary-grid model{9] and its antece-
dent {11] describe the flow of monomer and aggre-
2ate separately and explicitly recalculate the chemical
equilibrium after each step of the transport simula-
tion. For each species, the flows due to diffusion and
driven transport are calculated simultaneously by a
single combined expression. The distorted-grid model

{8] uses separate routines for diffusion and driven
transport and applies these expressions alternately

to the concentration array. On the other hand, the
flows of monomer and aggregate are described simul-
taneously by using appropriate average transport
coefficients, and no separate reequilibration routine
is necessary. It seems very unlikely that two modeiing
procedures that differ so greatly in structure would
coincidentally produce identical errors. The clase
agreement of the results suggests that both models
have simulated the approach to focusing equilibrium
accurately. By inference, other applications of the
moadels are probably equally reliable.
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The difference in computing time between the two
procedures is principally due to the fact thai the sta-
tionary-grid model requires for precision and stability
a more finely divided concentration a-ray and shorter
time intervals than does the distorted-grid procedure.
The stationary-grid model simulates driven transport
— electrophoresis in the present case — by moving
solute across the boundaries between adjacent seg-
ments. The calculated flow from one segment into
the next is proportional to the concentration of
solute at the segment boundary which is found by
interpolation, using 2 truncated Taylor’s series de-
fined by the mean concentrations in a few segments
close to the boundary [11]. The segment boundaries
must be closely spaced to minimize truncation errors
in the interpolated concentrations which would
otherwise produce serious and cumulative errors in
the calculated flows. This is necessary even after com-
pensating for “truncation diffusion” [9,15]. Close
spacing of the boundaries in turn requires the choice
of short time intervals for the successive steps of the
simulation §11,16,17]. The distorted-grid model also
includes an interpolation procedure to find the con-
centration to be wsed in computing the migration
velocity of the solute at each segment boundary. In
general, however, errors in the migration velocity are
much less than proportional to errors in the solute
concentration, and so the model can tolerate a degree
of imprecision in the interpolation that would be "~

unacceptable in the stationary-grid procedure. Since the

interpolation need not be so precise, a coarser array
of boundaries may be used; fewer segments are car-
ried through the calculation, and the transport pro-
cess can be broken up into a smaller number of
longer time intervals.

A few changes could be made in the stationary-
erid model used in this wosk that might reduce run-
ning time somewhat. For example, the reequilibration
calculations could be done by a tablesearch proce-
dure similar to the one used in the distorted-grid
programs, or the program could be instructed to ig-
nore segments that contain very small amounts of
solute. It does not seem likely, however, that modi-
fications in detail would eliminate the fundamental
advantage in computing time of the distorted-grid ap-
proach.

Although the distorted-grid simulation uses com-
puting time much more efficiently for simple aggre-

gating solutes in rapid chemical equilibrium, the
stationary-grid model is applicable to a much broader
range of praoblems. In the form used here, the dis-
torted-grid procedure is not suitable for describing
systems that contain more than one independent
component. Thus, it does not deal readily with chem-
ically reacting systems involving unlike subunits, with
seff-associations mediated by ligands of low molecular
weight, or with interacting solutes that relax slowly
toward chemical equilibrium. All of these important
cases are accessible by the stationary-grid approach
{4] . Recent work suggests that the distorted-grid pro-
cedure can be modified to deal with at least some of
these problems [18] . It appears likely, however, that
the necessary modifications considerably reduce the
advantage of the distorted-grid technique in comput-
ing efficiency, and it remains to be seen whether dis-
torted-grid procedures can describe multi-component
systems with acceptable accuracy. Examination of
these questions is continuing.
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